CERTAIN FEATURES OF A FIELD OF INTERNAL WAVES GENERATED BY A
LOCAL SOURCE OF PERTURBATIONS IN A FLOW OF A TWO-LAYER FLUID

V. E. Veden'kov and V. F. Sannikov UDC 551.466.81

The study [1] described a method of calculating an exact (in a linear formulation) solu-
tion of the problem of steady-state three-dimensional waves generated by a local source of
perturbations in a stratified flow. Sample calculations were performed for a fluid with a
constant Weisel—Brant frequency using the Bussinesq approximation and the criterion of a "solid
cover" on the upper boundary of the fluid. The investigation conducted in [1] showed that the
difference of the exact solution from well-known approximate solutions [2, 3] is significant
in the neighborhoods of the leading edges of individual modes when the flow velocity exceeds
the velocity of the waves of the corresponding modes. The asymptotic solutions constructed
in [4]} agree with the results in [1}. In this study, the methods in {1, 4] are used to cal-
culate internal waves in a two-layer fluid. A simple model of a fluid with a steep density
curve makes it possible to determine the role of the wavelength dependence of the vertical
profiles of internal waves in the formation of a field of generated waves. A two-layer strat-
ification model has been used repeatedly in the problem in question to study both steady [5-7]
and nonsteady [8, 9] waves. However, only [7] contains examples of calculations of the ampli-
tudes, and these calculations were performed with approximate asymptotic formulas.

Here, we will examine a flow of an inviscid incompressible fluid which is borderless in
the horizontal directions. The fluid flows with a constant velocity ¢ in the positive direc-
tion of the x axis and consists of two layers: the density and thickness of the top layer are
p; and H,; the density and thickness of the bottom layer are p, and H,. Meanwhile, p, < p,.
Let a wave generator be a point source of the intensity Q. The generator is located a dis-
tance H; from the interface. In a linear formulation, the wave motions of the fluid created
by the source are described by the Poisson equation for the potential of the perturbed
velocities

Acpzoa(xvy1z—ﬂs) (—H2<Z<H1,Z7{—‘-O) (})

with the boundary conditions

Ly =0 (z = H,), 09/dz = 0 (z = —H,), (2)

to which we must add the radiation condition — the absence of wave disturbances upflow — and
the condition of continuity of the functions 39/8z and p,(z)L® on the undisturbed interface
between the layers (z = 0). Here, L = c?3?/8x% + gd/dz; g is acceleration due to gravity;
po(2) = p, at z > 0 and py(z) = p, at z < 0; 6(+) is the delta function.

Following [1], we find an expression for the vertical component of the perturbed veloci-
ties w = 3¢/3z in the form of the sum of single integrals:

w(z, y, 2) = E%po (Hs) {wol + wy + Z wnz}:

n=0
/2
W= | Fu(6; Ry o0,2)d,
—a/2 )
Fu(8; Ry 0, 2) = — H (r}) H [c0s (0 — ©)] Wq (z; 0) W (Hy; ) sin (RAn), (3)
/2 .
Wna =070 | Walz; 0) Wa (Hg; 0)[H (r2) 6, (RA,) + H (—r2) G, (RAL)] db,
—n/2 .
G ()= [e(2 + 0 exp(—|u|tyds, Gi@)— (¥ + 1) exp (i) dr.
(1} 1] .
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Here, R and w are polar coordinates of the horizontal plane (x, y); Ap = Irnlcos(e - w);'the

functions G,(u) and G;(u) are expressed [1] through integral exponential functions; H(:) is
the Heaviside unit function; B, = r,?(8) and W,(z; 8) are eigenvalues (B, > 8, > ...) and ortho-

normalized eigenfunctions ( 6n is the Kronecker symbol) of the homogene-

Hl
[ 00 (@) Wl iz = 87,
-H

2
ous boundary-value problem

W, —pW=0(—H,<z<<H,;, 35£0),
W,— aW =0 (z=H,), W=0 (z=—H,); (4)

W and p,(W, — kW) are continuous at the point z = 0; k = g(c cos8)~%. Problem (4) has a de-
numerable number of real eigenvalues, these eigenvalues being solutions of the dispersion
relation

p(1 + y th rH th rH,) — ur(th rtH, + th rH,) 4+
+ 2 th rHyth rHy = 0, r = BY2, y = p,/pg, & = 1 — 7. (5)

At n > 2, the eigenvalues B,(6) < 0 at all 8.

In Eq. (3), the term w,, describes the contribution of the surface mode to the wave field,
while w,, describes the contribution of the internal mode. The remaining terms of the two-
layer model are nonwave terms, and they can be ignored at large distances from the wave gener-
ator because wy, = 0(r™?) atR » = (n 2 2) [10]. This estimate is also valid for the integrals
wh, (n =0, 1) in those cases when the flow velocity c < c,. Here, ¢, = vg/k,. The quantities
ko and x; (kg < k;) are solutions of Eq. (5) at g = 0. If c>c, (n =0, 1), then the contribu-
tion of the term wp, in the neighborhood of the boundary of the wave region w = arcsin (cp/c)
if O(R™2/3) [1]. Features of the contribution of the integral w,,; (n = 0, 1) were described
in [1]. We note only that in earlier studies, expressions for the field w(x, v, z) which were
asymptotic at R » « were represented as the sum of only these terms and their subsequent esti-
mates obtained by the stationary-phase method.

To check the model, we compared theoretical calculations with data from a laboratory ex-
periment [11]. The solid lines in Fig. 1 show the theoretical values of wave amplitude on the
interface of an ovoid with a midsection radius Ry = 0.0l and a ratio L/Ry, = 12. The rest of
the parameters had the following values: H, = 0.09, H, = 0.3, H; = 0.02 m, ¢ = 0.223 m/sec,
y=0.8, a-y=0.15m, b—y =0.25m. In the theoretical calculations, the ovoid was mod-
eled by a source—sink system. The parameters of this system were determined just as for an
infinite uniform liquid [12]. The expression for the displacement £ was derived from (3) by
means of the kinematic relation c¢3£/3x = w. Analysis of Fig. 1 shows satisfactory agreement
between the theory and experiment. The increase in the deviation of the corresponding curves
with an increase in x and y is evidently due to the fact that the theoretical model did not
consider the transience of the wave generation and dissipation and the fact that an idealized
scheme was used for the wave generator.

Equations (3) make it possible to calculate the entire region of the wave field. How-
ever, it is more economical to use asymptotic solutions at large distances from the wave
generator.
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In the case ¢ > cp, the principal disturbances inside the wave region are described by
the integral w,; [1]. The principal term of the asymptote of this integral is determined by
the contribution of the stationary point [9]. 1In the neighborhood of the leading edge, the
terms wy,, and w,, are of the same order of magnitude [1], and the asymptote of the complete
solution (3) is expressed through the Airy function [4]. It can be shown that at ¢ > cp, the
uniform estimate of the contribution of the n-th mode (n = 0.1) has the form

Wp = — on (H a) R—ZISA:: (‘— BR’ls) Wa (s 9) X

—_— . (6)
X W (Hy3 0) [V — 280y + O (R™),s

B=ri() [3Sig &— wydri/de]*?,

where the right sides are calculated at the stationary point of the solutions of the equation
bng' = 0. At BR*'3 » 1, replacement of the derivative of the Airy function in (6) by its
asymptotic expression allows (6) to be changed to a form which coincides completely with the
asymptotic estimate obtained by the stationary-phase method. Figures 2 and 3 show examples

of calculation of the contribution of the internal mode according to exact formulas (3) (solid
lines) and asymptotic formula (6) (dashed lines). The dotted and dot—dash lines show the con-
tribution of the term w,,; and its asymptote according to the stationary-phase method. The
calculations were performed with H;, = 100 m, H, = 3900 m, c = 3 m/sec, Q = 1 sec™ !, vy = 0.996;
for Fig. 2, z=0m, a—y =200m, b —y = 1000 m. The values of Hy (m) are indicated next
to the curves; Hy, = =50 m, y = 1000 m for Fig. 3, and values of z (m) are given around the
lines. It must be noted that inside the wave region at sufficiently large distances R, the
stationary-phase method gives better estimates of the characteristics of the generated waves
than do the single integrals wp,.

Analysis of Figs. 2 and 3 shows that the range of application of the asymptotic formulas
depends considerably on the parameters z and H,. With an increase in the depth of immersion
of the source (Fig. 2), significant wave disturbances tend to be located closer to the leading
édge, indicated by the arrow. In this case, there is an increase in the difference between
the exact and asymptotic solutions. The same result is obtained with increasing distance
from the interface (Fig. 3) when the position of the source is fixed.

This effect is connected with the dependence of the amplitude factor &,(z, H,, 8) =
Wnalz; 9)Wh,(H;; 6) on the wave angle 6. This dependence is exponential in character, and in
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the bottom layer of fluid &,(z, Hy; 8) ~ exp [rp(8)(z + Hy)] at —rp(8)(z — Hy) » 1. It is
known [1] that rp(8) » = at |8]| + n/2. Considering this, it might be possible to construct a
more accurate asymptotic estimate (3) if we use the descent approach. The use of this approach
is attended by serious obstacles, however, since it requires the solution of the equation
(d/d8){r,(0)[a + Hy + iR cos (8 — w)]} = 0 in the complex region of values of 6. Let § =

|z =H;[/ R « 1 and 8 = 6, is a simple stationary point (dA,/d8 = 0 at 8 = 6,) when § = 0.

Then the phase S, of the asymptotic estimate has the form

[ar;e(eo)]2

2800 (6,)

Sp=R{A, (8,) + — a/h + o ().

It follows from here in particular that an estimate obtained by the descent method gives
larger values of wavelength [AnedTBG) < 0] than the stationary-phase method. This observation
is consistent with the results of numerical calculations shown in Figs. 2 and 3.
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CAUCHY INTERNAL WAVE SCATTERING BY DENSITY FIELD INHOMOGENEITIES

S. P. Budanov, A. S, Tibilov, and V. A. Yakovlev UDC 532.593

The stationary problem of internal wave (IW) scattering by density field inhomogeneities
was considered in a linear formulation in [1] in an unbounded medium with a constant Brunt-—
Vdisaila frequency. The important role is shown for this mechanism in the IW energy redis-
tribution between different modes. Domains are defined in which the scattered IW amplitude
is substantially different from zero. The corresponding nonstationary problem is discussed
in this paper. ‘ -

Let IW characterized by the den51ty P (r, t) and velocity U@(r, t) fields exist in a me-
dium. At the time t = 0 local "mixing" (sp011age of the p, and U, field distributions) of
the medium occur in a domain of space F,. Neglecting rotation of the earth and the viscosity
forces in a Boussinesq approximation, this nonstationary problem has the form

' U(b, T¢D,
LU{p,U}=Q(U), U|i=0={U., rEDl )
. 31 ¢l)].s (1)
Pps T 1
0 - ]
Lo{p, U} =90, U), plimo o1 reD,,
LU_——AU+—[kAp v@l; o= “Nzw ¢ (p, U)=—UVp;
where 9z

Q(U)_—-—"'-_ — curl curl t [(U.V) U].

The solution of the system (1) can be represented by the sum of two components, one of
which describes the preblem of the collapse of the intrusion zone in a stratified fluid, and
the other the interaction of background IW with this zone. The collapse problem has been in-
vestigated well (see, e.g., [2]). Tt is known [3] that the solution of the collapse problem
with viscosity taken into account for large times (the third stage of collapse) is a density
field inhomogeneity in the form of a spot of mixed fluid that exists sufficiently long, dis-
sipates extremely slowly at the level of its density. We assume that the geometric size of
the domain D, .and the degree of fluid mixing in it are such that the concluding stage of col-
lapse sets in sufficiently rapidly. Then, following {1], we consider that the domain D that
occurs is a density field inhomogeneity that does not change with time and is at rest. Con-
sequently, the problem of background IW interaction with the domain D can be considered as a
background IW scattering problem by inhomogeneities of the density field p;, with initial con-
ditions. Its solution can also be represented in the form of the sum of two components, one
of which described the unperturbed IW field (we consider it known), and the other the intrin-
sically scattered field characterized by the velocity Ug{r, t) and the density pg(r, t), where
Uglt=p = 0 and pglt=g = 0. As in [1], we limit ourselves in this paper to a single scattering
approximation (Born approximation) within whose framework Ug and pg satisfy the boundary value
.problem

Lyf{ps U =0, Lgfps Us) =9 (03,°Ve), 09 Uslno >0 (2)

Leningrad. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 2,
pp. 89-93, March-April, 1987. Original articlé submitted February 19, 1986.

246 0021-8944/87/2802-0246$12.50 © 1987 Plenum Publishing Corporation



